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Abstract. If a continued fraction K^^-^an/bn is known to converge but 
its limit is not easy to determine, it may be easier to use an extension of 
K^^ian/bn to find the limit. By an extension of K^^ia„/bn we mean 
a continued fraction K^^iCn/dn whose odd or even part is K^iUn/bn. 
One can then possibly find the limit in one of three ways: 

(i) Prove the extension converges and find its limit; 

(ii) Prove the extension converges and find the limit of the other 
contraction (for example, the odd part, if K^ia„/b„ is the even part); 

(ii) Find the limit of the other contraction and show that the odd 
and even parts of the extension tend to the same limit. 

We apply these ideas to derive new proofs of certain continued frac- 
tion identities of Ramanujan and to prove a generalization of an identity 
involving the Rogers- Ramanujan continued fraction, which was conjec- 
tured by Blecksmith and Brillhart. 



1. Introduction 

The methods used by the great Indian mathematician, Srinivasa Ramanu- 
jan, to obtain many of his fascinating results remain a mystery. In this pa- 
per we describe some simple ideas concerning extensions and contractions of 
continued fractions which may have led Ramanujan to some of the elegant 
entries concerning continued fractions that he made in his famous notebooks 
(See 12], Chapter 12). 

Suppose we are given a continued fraction do + -^^iCn/d„ whose limit is 
sought. If the limit is difficult to compute, it may be easier to work with one 
of several extensions of the continued fraction which can easily be written 
down. Suppose, for example, that the even part of an extension gives the 
original continued fraction. One can try to find the limit in one of three 
other ways: 

(i) Prove the extension converges and find its limit; 

(ii) Prove the extension converges and find the limit of the odd part; 

(iii) Find the limit of the odd part and show that the odd and even parts of 
the extension tend to the same limit (by showing that the absolute value of 
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the difference between consecutive approximants of the extension tends to 

0). _ _ 

For (i) above, an equivalence transformation of the extended continued 
fraction may result in its approximants naturally taking on a particulary 
simple form, so that its limit (and thus of its even part - the original con- 
tinued fraction) can be found very easily (See, for example, the proofs of 
Entry 12 and Entry 13). 

For (ii) and (iii), it may turn out that the limit of the odd part of the 
extension can be computed almost trivially. If one can then show that either 
the extension converges or that the even and odd parts of the extension tend 
to the same limit, then one knows that the limit of the original continued 
fraction is the same as the limit of the odd part of the extension. The 
advantage here is that it is usually much easier to show convergence than 
to determine the actual limit of a continued fraction. 

This is our reason for believing that Ramanujan may have used extensions 
and contractions in the discovery of some of his results - in several entries 
the odd part of an extension of the continued fraction being considered by 
Ramanujan can be shown to converge to give Ramanujan's claimed limit 
almost trivially. 

We illustrate the principles involved by giving new proofs of some of 
Ramanujan's continued fraction identities found in Chapter 12 of the second 
notebook. 

We also use these methods to give a generalization of an identity involv- 
ing the famous Rogers- Ramanujan continued fraction, first conjectured by 
Blecksmith and Brillhart and proved by Berndt and Yee in |3j. 



2. Extensions and Contractions of Continued Fractions 

We start with the concepts of extensions and contractions of continued 
fractions. Before coming to details, we borrow some notation from |T1] (page 
83).^ A continued fraction do + K^^Cn/dn is said to be a contraction of the 
continued fraction bo + K!^i^an/bn if its classical approximants {gn} form a 
subsequence of the classical approximants {/«} of bo + K^-^^On/bn- In this 
case bo + K^-^^On/bn is called an extension of do + K^^Cn/dn- 

We call do + K!^^Cn/dn a canonical contraction of bo + Kl^^an/bn if 

Ck = An^, Dk = Bn^ for = 0,1,2,3, ... , 

where Cn, D^, An and are canonical numerators and denominators of 
do + K^^^Cn/dn and 6o + -f^^i«n/^n respectively. 



The authors mention in |14| that this idea also goes back to Seidel and that 
Lagrange had some special cases already in 1774 and 1776 
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Here we use the standard notations 

N an ai 
K 



1 , a2 

hi + 



^3 

62 + 

^3 + • • • + 7— 

On 

fll 02 03 Oat 



^1+ ^2+ ^3+ 

We write An/Bn for the above finite continued fraction written as a rational 
function of the variables oi, a^v, bi, &Ar- By K^^an/b^ we mean the 
limit of the sequence {An/Bn} as ngoes to infinity, if the limit exists. The 
ratio A]\i/B]\f is called the A^-th approximant of the continued fraction. It 
is elementary that the Ajy (the A^th (canonical) numerator) and B^ (the 
A'^th (canonical) denominator) satisfy the following recurrence relations: 

(2.1) An = bNAN^i + aNAN~2, 

Bn = InBn-i + aNBN~2- 

It can also be easily shown that 

N 

(2.2) AnBn-1 - An-iBn = (-1)""' J] 



4 = 1 

N 



An+iBn-1 — An-iBn+1 = (—1)" "'^^'AT+i JJa 



i=l 



Prom (page 83) we have the following theorem: 
Theorem 1. The canonical contraction of + K'^-^^On/hn with 

Ck = A2k Dk = B2k for k = 0,1,2,3,... , 

exists if and only if b2k 7^ OforK = 1, 2, 3, . . and in this case is given by 

(2 3) 60 + ^^"^ 02^3^4/^2 040566/^4 

62&1 + 02 - 04 + 63^4 + a3&4/^2 -0.6 + 65^6 + a^be/bi + ' " " 

The continued fraction 1)2. 3|) is called the even part of 60 + K^^an/bn- 
We give some simple corollaries to this theorem, which we will use later. 

Corollary 1. The even part of 

(2.4) do + ^^ ^ ^ ^ 

^ ' di - C2 + 1 + (^2 - C3 + 1 + 1 + da - C4 + 1 + 1 + • • • 

is 

("> ^\ ^ C3 C4 

'^'^ + d[ + T2 + T^ + T^+---- 

Proof. In Theorem n set 60 = ^q, ai = ci, bi = di — C2 and, for k > 1, 
a2k = Cfc+i, a2fc+i = — 1, &2fc = 1 and 62fc+i = c^fc+i — Ck+2 + 1- □ 
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Corollary 2. The even part of 

(2 6) d + — ^ — ^2 ^ C3 -1 

^ ' ' ° di - 1 + 1 + da - C2 + 1 + 1 + (ig - C3 + 1 + 1 + • • • 

is 

(27\ d — — ^ — 

^ ' ' ° + di + d2 + d3 + d4 + 

Proof. In Theorem ^ set bo = do, ai = ci, 6i = di + 1 and, for A; > 1, 
a2k = —1, a2k+i = Cfc+i, b2k = 1 and 62fc+i = dk+i — Ck+i + 1. □ 

Corollary 3. The even part of 

ai 02 as 04 as ae a? 

is 

ai 0,203 0405 agay 



(2.9) 60 + ^ 

01+02 — 04 + 03 — oe + as — 03 + 07 — ■ ■ • 

Proof. In Theorem set 62A: = 1 and 62^+1 = 0, for k > 1. □ 

From ^Ij (page 85) we also have: 
Theorem 2. The canonical contraction ofh^+K'^^an/hn with Cq = Ai/Bi 
Ck = Mk+i Dk = B2k+i for k = 1,2,3,... , 

exists if and only if 62^+1 7^ OforK = 0, 1, 2, 3, . . and in this case is given 
by 

(2 10) ^oh+ai 010263/61 asa^b^bi/bs 



bi 61(03 + 6263) + 0263 - OS + 646s + a^b^/ba 

050567/65 ajagbg/br 



Corollary 4. The odd part of the continued fraction 

Cl C2 C2 C3 C3 C4 C4 

1-1 + 1-1 + 1-1 + 1 
is 

C\C2 C2C3 C3C4 



- 07 + 6567 + a^bT/b^ - 09 + 6369 + asbg/b7 + 

The continued fraction H2.1U() is called the odd part of 60 + K^^^an/bn- 
We will also make use of the following corollary to Theorem |21 

Dro 

(2.11) 
is 

(2.12) Cl + , , . 

^ ' 1 + 1 + 1+--- 

Proof. In Theorem 121 set 60 = 0, oi = ci, and, for A; > 1, 6j = 1, 02i = — Cj 
and 02i+i = Ci. □ 

We will not explicitly compute the odd parts of the continued fractions 
at (1231), and (|2S1) at this point. 

We also give a new extension/contraction proof of Daniel Bernoulli's 
transformation of a sequence into a continued fraction (4j (see, for exam- 

pie, nm, pp. 11-12). 
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Proposition 1. Let {Kq, Ki, K2, ■ ■ ■} be a sequence of complex numbers 
such that Ki ^ Ki-i, for i = 1, 2, . . .. 

Then {Kq, Ki, K2, ■ ■ ■} is the sequence of approximants of the continued 
fraction 

(2.13) Ko+^'~^' Kr-K2 {K, - Kq){K2 - K^) 



1 + K2-KQ+ K3-K1 + 

{Kn-2 - Kn-3){Kn-l - Kn) 



+ Kn- Kn^2 

Proof. We use the fact that 

1111 1 1 



a + O + 6 + c a + b + c 

Then 

1 1 1 1 1 1 

+ Ki- Kq + + K2- Ki + ■ ■■ + + Kn- Kn-1 

='''^1 + T.UK.-K,^r''- 

On the other hand, by Theorem ^ the even part of the above continued 
fraction is 

^ Ki-Ko {K2 - Ki)/{Ki - Ko) {Ks - K2)/(i^2 - i^i) 



1 - 1 + {K2- Ki)/(i^i -Ko) - 1 + (K3 - K2)/{K2 - Ki] 

{Kn-Kn-l)/{Kn-l-Kn-2) 
l + {Kn- Kn-l)/{Kn-l " Kn-2) 

Ki-Kq K1-K2 {K^ - Ko){K2 - Ks) 
1 + K2-K0+ Ks-Ki + 

iKn^2 - Kn.3)iKn-l - Kn) 



+ Kn- Kn-2 

□ 

n 



If we let Kn = Y27=o °f course get Euler's transformation of a series 

into a continued fraction: 



(2.14) ^ai = ao + -i 



oi -0-2 -oios -an-2a„ 



1 + 02 + oi + as + 02 + • • • a„ + a„_i 

l=U 

3. Some Continued Fractions from Chapter 12 of Ramanujan's 

Second Notebook 

In each of the following example, bo + K^iUn/bn will mean the extended 
continued fraction under consideration and {An} and {Bn} will denote its 
sequences numerators and denominators respectively. 

We will frequently make use of the following important theorem of Wor- 
pitzky (see pp. 35-36). 
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Theorem 3. (Worpitzky) Let the continued fraction K^-^^an/^ be such that 
|on| ^ 1/4 for n > 1. ThenK^iOn/l converges. All approximants of the 
continued fraction lie in the disc \w\ < 1/2 and the value of the continued 
fraction is in the disk \w\ < 1/2. 

We now illustrate the methods involved by giving new proofs of several 
continued fraction identities due to Ramanujan. 

Entry 7. ( [2], page 112) If x is not a negative integer, then 

x + l_ x + 2. x + 3 
^ ' ' X + x + 1 + x + 2 +■■■' 

We prove a generalization of Entry 7. 

Entry 7a. Let {yi}iZi be any sequence of complex numbers such that 

{i)yi / -1, i = 1,2,3, ... , 

n 

lim TT \ \ + y.' 

1 



OO, 



(Hi) 



i=l 



Vi-i Vi 



< -, for all i > Nq, some Nq. 



Then 
(3.2) 



yi + 1 2/2 + 1 ys + 1 



yi 



+ 



y2 



+ 



2/3 



+ 



Proof. It is sufficient to assume Nq = 2 (if not, one can prove the result for 
the tail that begins with y^^ in the numerator and the continued fraction 
will then collapse from the bottom up to give the result). 

After a similarity transformation, the left side of Equation 13.21 becomes 



{yi + i)/yi (y2 + 1)/ (2/1^2) (2/3 + 1)/(2/22/3) 



+ 



+ 



1 



+ - 



and Worpitzky's theorem gives that this continued fraction, and thus the 
left side of 1)3. 2() converges. 

From Corollary |21 it can be see that the right side of Equation 13.21 is the 
even part of 



(3.3) 



2/1 + 1 



2/2 + 1 -1 2/3 + 1 

+ 1 + 



2/1 + 1+1+ +1+ +1+--- 
Thus the even part of (|3.3|) converges and, from Equation 12.21 







lim 



A 



2i+2 



A 



2i 



B2i+2 B2i 



lim 

i— ►oo 



^2i+2-B2« 



AoiB 



2i02i+2 



n}tii2/, + ii 

lim — p — 

i^co \B2iB2i+2\ 



Condition (ii) above then gives that 



(3.4) 



lim \B2iB2i+2\ 



00. 
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From the recurrence relations at (|2.1)1 and the fact that 621+1 = 0, for i = 
1,2,.. ., one has that 

Similarly, i?2j+i = n}t:i(yi + 1) and so each odd- numbered approximant is 
identically 1. From Equation 12.21 above it also follows that 

i+l 

\A.2i+lB2i — ^21 -621+1 1 = + 1| = |-B2i+l|- 



Thus 
(3.5) 



1 



A2i 
B2i 



2i+l 



B2 



i+l 



A2i 
B2i 



A2i+lB2i — A2iB2i+l 



B2iB'. 



2i+l 



\B. 



2i\ 



Since the limit of the left side exists, it follows that limj^oo \B2i\ exists and 
Equation 13.41 gives that this limit is 00. Thus liuii^ca ^21 / B2i = 1 and the 
result follows. □ 



For the next example, we will show that the extended continued fraction 
converges, so that the even and odd parts have the same limit. We will 
give two different proofs to better illustrate the methods. One will use the 
following theorem of Lange ^SI (see [HI, page 124): 

Theorem 4. The continued fraction K{c^/1) converges to a finite value 
provided that 

(3.6) [c2„-i ± ia| < p, |c2n ± ^(1 + a)| > /o, n = 1,2,3,..., 
where a is a complex number and a and p satisfy the inequality 

(3.7) !«! < p < |a + 1|. 

The convergence is uniform with respect to the regions defined by 1)3. 6(1 . 

(We have changed the notation in the above theorem slightly to avoid 
conflict with existing notation.) 

The other proof will use the following theorem, due to Wall ^H] (see jH], 
page 127): 

Theorem 5. Let {fn} the sequence of approximants of a continued frac- 
tion K{an/1)- Assume that there exist positive numbers M, L, uq and a 
subsequence {m^} of the positive integers such that 

(3.8) \fn\<M, n = no,no + l,no + 2, . . . , 
and 

(3.9) \amJ<L, fc = 1,2,3,.... 
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Further assume that the odd (even) part of K (an /I) converges to a finite 
value V. Then there exists a subsequence of the even (odd) part which con- 
verges to V. 

Remark: An obvious implication of this theorem is that if, in addition, 
the odd and even parts both converge, then they converge to the same Hmit 
and the continued fraction converges to this hmit. 

Entry 9. ( 2 , page 114) Let a and x be complex numbers such that either 
X 7^ —k a for k E {1, 2, . . .} and a 7^ 0, or that a = and \x\ > 1. Then 

x + a + 1 x + a X + 2a x + 3a 

(3.10) 



X + 1 X — 1 + x + a — l + x + 2a — 

We will not consider the case a = 0, since the right side is periodic for 
= and the result follows from a general theorem for periodic continued 
fractions. 

Neither will we consider the case x = —1, since this case ("00 = 00") 
follows from the case x 7^ — 1 by considering the tail beginning with — 1 + 3a 
in the numerator. 

FIRST PROOF. We will prove Entry 9 for a (-00, 0). From Corollary 
121 the right side of Equation I3.1fll is the even part of 

(3 11) ^ + ~^ x + 2a —1 x + 2>a —1 x + Aa 

^' ' X +~+ -a -a +T+ -a +••• 

From Theorem [51 the odd part of this latter continued fraction is 
X + a ^ {x + a){—a)/x {x + 2a)x 



x{x + a) + a + {x + 2a) — 1 
X + 3a) (x + 4a) 



+ (x + 3a) - 1 + (x + 4a) - 1 + • • • 



x + a (x + a)(— a)/x 



X x(x + a) + a + X 
x + a + 1 
~ x+ 1 

The second last equality follows from Entry 7a applied to the tail of the 
continued fraction. Thus the odd part of the extension converges to the left 
side of Eauation l3.1Ul Our first proof that the extension itself converges uses 
Theorem^ The continued fraction at (|3.11|) is equivalent to the following 
continued fraction: 

/oinN {x + a)/x -1/x -x/a - 2 1/a 
^'^■^^^ 1 + 1 + 1 + 1 + 

—x/a — 3 1/a —x/a — 4 

1 +~ + 1 + ••• 
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We consider a tail of this continued fraction 
(3.13) 

1/a —x/a — m 1/a —x/a — m — 1 1/a —x/a — m — 2 

~ + i + ~ + i + ~ + i + 

where m wiU depend on a and x and wiU be determined later. If the tail 
converges, then the continued fraction converges and its limit is {x + a + 
l)/(x + 1), since the odd part converges to this limit. Denote the continued 
fraction at (l3T3ll by K^^-^cl/l, so that 

1 oc 

(3.14) c^fc_i = clk = m-k + l. 

a a 

Note that if a and p can be found such that inequality (|3.7jl and the first 

inequality in ()3.6() can be satisfied, then the second inequality in ()3.6|) will 

be satisfied automatically for all /c, provided m is chosen large enough. Let 

Y^l/a = c + id, where c > (since a ^ (— oo, 0)). Set 



(3.15) a = ^^(l + i^), p=^^l^{[c'^ + d^Y + ^c^). 

Then |a| < p < |a + 1| = \/ + \ and \c2k-1 + «a| = \c2k-1 — 'ict\ = p. 
Provided m is chosen large enough so that \ —x/a — m — k+\^i{\ + a) \ > p, 
for /c = 1, 2, . . . , the conditions of Theorem|l]are satisfied, the tail converges 
to a finite value and the extended continued fraction converges and Entry 9 
follows for a ^ (— oo,0). 

□ 

SECOND PROOF. We wih apply Theorem El to the continued fraction at 
1)3. 12(1 . Without loss of generality, we can assume that 

X + ja 



1 

< - 
- 4 



(x + (j-2)a-l)(x + (j-l)a-l) 

holds for j > 2, since this holds for all j sufficiently large and if Entry 9 
holds for a tail of the continued fraction, ie., 

X + na + 1 X + na 



(3.16) 



X + {n — l)a + 1 X + [n — l)a — 1 + 

X + {n+ l)a X + {n + 2)a 



X + na — 1 + X + {n + l)a — 1 + • ■ ■ 

for some integer n, then Entry 9 is proved, since the continued fraction 
will then collapse from the bottom up to give the result. Thus Worpitzky's 
Theorem gives that the even part of 13.111 and thus the even part of 13.121 
converges to a finite value and we already know that the odd part converges 
to the left side of Equation I3.1fll Thus, since the odd and even parts both 
converge to finite values, there exist an no and an M such that Equation EE 
is satisfied. Further, from (|3.12j) . it is clear that in Equation l3.9[ we can take 
{nik} to be the even integers and L to be max{|l/a| + l, |l/x| + l}. (The case 
X = is not a problem since we can consider the tail of the continued fraction 
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beginning with the third partial numerator.) The conditions of Theorem El 
are satisfied and, by the remark following it, the continued fraction at 
converges and Entry 9 follows. 

□ 

Entry 10 (|2I, page 116) If n is a positive integer, then 

1 2 3 n n+1 n+2 

3.17 n = — 

^ ^ l-n + 2-n + 3-nH + 0+ 1 + 2 +■■• 

Proof. The proof is by induction on n. If n = 1, the left side of ()3.17() is 

_ 1 2 3 4 _ 1 _ 

" ~ 1 - 1 + 1 + 2 + 3 + -- - ~ 1-1 + 1 ~ 

by Entry 7. Suppose Entry 10 is true for n = 1, 2, . . . , m — 1. From Corollary 

m 

12 3 m m + 1 m + 2 

(3.18) — — — — — 

^ ' 1 -m + 2-m + 3-m + ••• + + 1 + 2 +••• 

is the even part of 

1-12-13 



^^■"^^^ 2-m + 1 + l- m+ 1 + l- m + -- -' 

From Theorem (21 the odd part of this latter continued fraction is 
(3.20) 

1 ^ (1 - m) /(2 - m) 2(2 - m) 



2 — m (2 — m)(3 — m) — (1 — m) + (4 — m) — 1 

3 4 
+ (5 - m) - 1 + (6 - m) - 1 + ■•• 



1 ^ (l-m)/(2-m) (2-m)2 



2 — m (2 — m)(3 — m) — (1 — m) + 2 — (m — 1) 
3 4 



+ 3 - (m - 1) + 4 - (m - 1) + • • • 



1 ^ (l-m)/(2-m) 



2 — m 



m. 



(2 - m)(3 - m) - (1 - m) + (2 - m) - (2 - m)) 



The next to last step comes from applying the induction step to the contin- 
ued fraction in (|3.17|) . when n = m — 1. 

Next, we will use Theorem 01 to show that a tail of the continued fraction 
at (|3.19|) converges and thus that the continued fraction itself converges to 
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m, since the odd part equals m. This continued fraction is equivalent to 
1/(2 -m) l/(m-2) 2/(1 -m) 



(3.21) 



1 + 1 + 1 

l/(m-l) 3/(1 -m) l/(m-l) 



+ 1 + 1 + 1 + • • • 

We consider a tail of this last continued fraction: 

,o^., l/jm-l) N/{1 - m) l/(m-l) (iV + l)/(l _ ^) 
^"^■^^^ 1 + 1 + 1 + 1 +•••' 

where depends on m and will be chosen later. With the notation of 
TheoremlU let this continued fraction be denoted K'^^{c\/1). Since m >2, 
C2fc-i = Y^l/(w. — 1) is real and we chose the positive square root so that 
C2fc-i =: c > 0. Let C2k = +i-\/(iV + k- l)/(m - 1). We chose a = 
and p = y^c^/4 + c^. Then 

|a| < p < |a + 1| = + 1. 

Further, 

\c2k-i + ia\ = \c2k-i -ia\ = p. 

For sufficiently large, \c2k + ^(1 + o)| > p. The conditions of Theorem 
m are satisfied, a tail of ()3.21|) converges and, by the remark following the 
statement of this theorem, (|3.21() itself converges and Entry 10 follows. □ 

Entry 12. (^2,, page 118) If a ^ and x / —ka, where k is a positive 
integer, 
(3.23) 

^_ x + a (j; + o)2 - (x + 2a)2 - (x + 3a)2 - 

a+ a + a + a +••• 

Proof. The left side of Equation 13.231 is 

x + a x{x + 2a) (x + a)(x + 3a) 



(3.24) 



+ a + a + 

{x + {k- l)a){x + {k + l)a) 



... + Q + 

which, by Corollary |S1 is the even part of 

x + a —x x + 2a —{x + a) x + 2>a —{x + 2a) 
^' ' x + a + ~ + + 1 + + i +•••■ 
This continued fraction is equivalent to the following continued fraction: 

,11111 1 
(3.26) - 



1 + -1 - a/x + + 1 + 2a/x + + -1 - 3a/x 

111 1 11 



+ + 1 + Aa/x + + -1 - ba/x + + 1 + Qa/x + 
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By the similar reasoning to that used in the proof of Entry 7a, each odd- 
indexed approximant of (|3.26j) is identically 1. To calculate the even-indexed 
approximants, we make repeated use the identity 

1 1 1 1 _ 1 1 

^' ^ a + + 6 + c ~ a+T + c 

to simplify the approximant. One easily checks that 

11111 11 



1 + -1 - a/x + + 1 + 2a/x + 0+ -- - + + 1 + 2ka/x 
_ 1 1 

~ T + (-1 - a/x) + (1 + 2a/x) + (-1 - 3a/x) + • • • + (1 + 2ka/x) 
1 1 



1 + ka/x 
Similarly, it is easy to check that 

11111 1 1 



1 + -1-a/x + + 1 + 2a/x + H + + -1 - (2A; - l)a/x 

_ 1 1 

~ 1 + (-1 - a/x) + (1 + 2a/x) + (-1 - 3a/x) + • • • + (-1 - (2/c - l)a/x) 
1 1 



1 + —1 — ka/x 

Upon letting k ^ oo, one has that the even- indexed tend to 1 also and Entry 
12 is proved. □ 

Before coming to Entry 13, we state the following theorem of Hill ^ (see: 
P, page 63) 

Theorem 6. Let Sn denote the nth partial sum of 2Fi{a, b; c; 1). For Re{c — 
a-b) <0, 

(3.28) ^ ' 



and for c = a + b, 
(3.29) 
Here 



mm 

r(c) log n 

oo 

2Fi{a,b;c;x) = ^ 



a)n{b)n n 



n=0 

where {d)n = d{d + 1) . . . (d + n — 1) for n > and {d)^ = 1. 

Entry 13. ([2], page 119) Let a, b and d be complex numbers such that 
either d ^ 0, b ^ —kd, where k is a non-negative integer, and Re((a — 
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b)/d) < 0, ^ or d ^ and a = b, or d = and \a\ < \b\. Then 
ab {a + d){b + d) {a + 2d){b + 2d) 



(3.30) 



a + b + d - a + b + 3d - a + b + 5d 



Proof. We make the further assumption a + kd ^ 0, for k a non-negative 
integer. By Corohary 13 the right side of Equation I3.3fll is the even part of 
the continued fraction 



ab a + d b + d a + 2d b + 2d 
^' -* T + 1 + + i + 



a + kd b + kd 



+ ■■■ 1 + + 
This latter continued fraction is equivalent to 

111 1 1 

(3.32) 



1/a + -ii^ + + + + 



{a+d){a+2d) 

11 1 1 



ab{h+d){b+2d) + + ah{b+d){h+2d){b+M) _)_ Q _)_... ' 

{a+d){a+2d) (a+3(i) {a+d) {a+2d)(a+Zd) {a+id) 

By similar reasoning to that used in ExampleTa, each odd-indexed approx- 
imant is identically equal to a. We now consider the even-indexed approxi- 
mants, treating each of the three cases in the statement of Entry 13 in turn. 
Note that, since d ^ Q (as in the first case), 

^3 ab{b + d)...{b+{k- l)d) {b/d)k 



{a + d){a + 2d)...{a + kd) {a/d+l)k 

Let {fk} denote the sequence of approximants for the continued fraction 
at H3.32() . By using the same collapsing technique as was used in the proof 
of Example 12, 

(3.34) f2k = -^ ^ ^ ^ 



V« + ^ jb/d), 1/a + _ ^ (5/d), 



a 



f^{a/d + l)i ^(«/d + l)i 



^Entry 13, as written in [5], page 119, reads "Re((a — b)/d) > 0". This inequality 
should be reversed. The following example is an indication of this fact (a complete proof 
that the reversed inequality is the correct one is found in the proof of Entry 13 above): 
Let a = 2 and 6 = d = 1, so that Re((a — b)/d) > 0. However the left side of l|3.3()^ is 

2.1 -3.2 -4.3 -5.4 -6.5 

X + 6 + 8 + 10 + 12 +■■■ 
_1 -1 -1 -1 -1 
^2+~2~ + ~2~ + ~2~ + ~2~H ■ 

This continued fraction has the sequence of approximants {n/{n + 1)} and therefore con- 
verges to 1 (=6) and not 2 (=a). 
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We note that 7^ - — — — ^- is the kth. partial sum of 2-^i(li bid; a/d+ 1; 1). 
^ {a/d+l)i 

Since Re(a/(i + 1 — h/d — 1) = Re((a — h)/d) < 0, we have by Theorem|Hl 
that 

A {b/d)i r(a/d+ l)A;i+^/'^-"/^-i _ r(a/d+ 

+ r(i)r(6/ci) r(i)r(6/d) ' 

Thus, since Re((6 — a)/d) > 0, 

{b/d). 



hm > 



k~*Qo ^—^ {a/d + 1) 



00 



and from Equation 13.341 Imij^^ao f2k = o- 

Next, suppose d ^ and a = b. After cancehng common factors in each 
denominator and collapsing the continued fraction as before, we have that 

^ a + id 

1=1 

and once again it is clear that limfc^oo f2k = cl. 
Finally, if d = and \a\ < \b\ 

(3.37) f: ^ ^ 



2k 



1/"+ 



i=i ^ 

and once again lim^^oo f2k = o- Entry 13 is proved. □ 

Remark: Interestingly, this proof, deriving from extending the right side 
of (|3.3()j) . coincides at the finish with Jacobsen's proof [H], which uses a 
theorem, due to her [Jj and Waadeland ^Zj, on tails of continued fractions. 
Both proofs eventually rely on Hill's result from Theorem IHl applied to the 
same 2F1 function. 

4. An Extension of the Rogers-Ramanujan Continued Fraction 
For \q\ < 1, let 

(") «(')-i + I + T + T + ^..- 

the famous Rogers-Ramanujan continued fraction. In 5 , J. Brillhart and 
R. Blecksmith conjectured that 

('•'^ = i- i + i- T + i- T + T- T + T- -- -- 
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This conjecture was proved by Berndt and Yee in 0. We generalize this 
result as follows. For g, q G C, let be defined as usual by 

where logg is the principal logarithm of q. 
Proposition 2. Let q, a (zC, with \q\ < 1. Then 

„a ri^~°' (7^~° n^^'^ n^^'^ 

(4.3) «(<,) = l-," + ^_i^^i^_i^^i^ 

„2-a ,,2-a Jl+a „2+a 



-1 + 1-1 + 1 

Remark: The conjecture of Blecksmith and Brillhart is the a = case of 
this proposition. 

Proof. In Corollary 01 let ci = and, for /c > 1, let C2k = q^~°' and 
C2fc+i = q^~^°'- This gives that the odd part of 

gO q^~°' q^'^'^ q'^~^°' q'^~^°' 

T - 1 + 1 - 1 + 1 - 1 + 1 - 1 + 1 

is 

+T + T + T + ---- 

Since a tail of the left side of 1)4. 3|) converges (by Worpitzky's Theorem) and 
its odd part converges to R{q), this proves the result. □ 

We also have the following corollary. 

Corollary 5. Let q, a £ C, with \q\ < 1. Then 

(4.4) Riq) = l-q-+ ^ ^ ^ 



1 - + 1 + - + 1 + - 

„2{2-q) „2(2+a) 



+ 1 + _ q2+a + 1 + q2+a _ g3-a 

Proof. By Theorem ^ the left side of Equation 14.41 is the even part of the 
continued fraction at ()4.3|) . □ 
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